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Abstract— Solution of a fuzzy transportation problem determines the transportation schedule that minimizes the total fuzzy transportation
cost while satisfying the availability and requirement limits. A number of methods have been devised to solve a fuzzy transportation
problem, but the solution obtained by some methods is not optimal. Obviously, the method which gives the optimal solution should be

preferred and used in practice.

This work is intended to compare the performance of different methods available for solving a a fuzzy transportation problem and to find
out the most appropriate one. For this purpose, a number of fuzzy transportation problems have been solved by different methods and the
solution obtained has been tested for optimality. It has been found that the solution obtained by Russell;s Approximation Method is optimal
for most of the fuzzy transportation problems.Therefore this method may be regarded as the the most appropriate method for solving a

fuzzy transportation problem
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1 INTRODUCTION

HE transportation problem is a special class of linear

programming problems in which a commodity is to be

transported from various sources of supply to various
destinations of demand in such a way that the total transpor-
tation cost is a minimum. In general, transportation problem
is solved with the assumption that the decision parameters
such as availability, requirement and the unit transportation
cost are known exactly. But in real life applications, supply,
demand and unit transportation cost may be uncertain due to
several factors. These imprecise data may be represented by
fuzzy numbers.

The transportation problem, in which the transportation
costs, supply and demand quantities are represented in terms
of fuzzy numbers, is called a fuzzy transportation problem.
The objective of the fuzzy transportation problem is to deter-
mine the transportation schedule that minimizes the total
fuzzy transportation cost while satisfying the availability and
requirement limits. Most of the existing techniques provide
only crisp solution for fuzzy transportation problem. Chanas
etal [1] developed a method for solving fuzzy transportation
problems by applying the parametric programming tech-
nique using the Bellman-Zadeh criterion [2]. Chanas and
Kuchta [3] proposed a method for solving a fuzzy transporta-
tion problem by converting the given problem to a bicriterial
transportation problem with crisp objective function which
provides only crisp solution to the given problem. Liu and
Kao [4] proposed a new method for the solution of the fuzzy
transportation problem by using the Zadeh’s extension prin-
ciple. Using parametric approach, Nagoorgani and Abdul
Razak [5] obtained a fuzzy solution for a two stage Fuzzy
Transportation problem with trapezoidal fuzzy numbers.
Omar et. alalso proposed a parametric approach for solving
transportation problem under fuzziness. Pandian and Nata-
rajan proposed a fuzzy zero point method to find the fuzzy
optimal solution of fuzzy transportation problems.

In this paper, the fuzzy transportation problems using
trapezoidal fuzzy numbers are discussed. The initial basic
feasible solution of the same fuzzy transportation problem is
obtained by different methods and then, U-V distribution
method is used to find out the optimal solution for the total
fuzzy transportation minimum cost.

2 OBJECTIVE

The aim of this paper is to compare the performance of differ-
ent methods available for obtaining an initial basic feasible
solution of the fuzzy transportation problem and to find out
the most appropriate one.

3 PRELIMINARIES
3.1 Fuzzy Set

A fuzzy set A on a universal set X is a set of ordered pairs:
A={(xz(0):xe X}
3.2 Fuzzy Number

A fuzzy set A defined on the set of real numbers R is said to
be a fuzzy number if its membership function x;:R—[01] is

continuous and such that

0 Vxe (— 00, a]

fa(x) increasingon [a,b]
pz(x)={ 1 vxelb.c]

ga(x) decreasingon[c,d]

0 VXe[d,oo)
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where a, b, ¢ ,d are real numbers, and the fuzzy number

denoted by A = (a, b, ¢, d) is called a trapezoidal fuzzy num-
ber.

3.3 Trapezoidal Fuzzy Number

A fuzzy number A = (a, b, ¢, d) is said to be trapezoidal if
f, and g, are linear functions. The membership function

M of a trapezoidal fuzzy number A =(a, b, ¢, d)is given by

0, Xx<a
x;a’ a<x<b
-a
pz(x)=1 1,  bsx<c
Eii,chgd
d-c
0, x>d

3.4 Ranking Function

Let F(R) denote the set of all trapezoidal fuzzy numbers de-
fined on the set of real numbers R. Then we define a ranking
function as a function R : F(R)—>R, which maps each fuzzy
number into a real number.

If A =(a,bc d), thenR (A)=20*Fc*rd

4
For any two trapezoidal fuzzy numbers Al =(ay,by,cq,d;)

and ;zz(az,bz,cz,dz), we have

(i) A <A, = R(A;) < R(A,)
(ii) A >A, = R(A)> R(A,)
(iii) A ~A, = R(A) = R(A,)
3.5 Arithmetic

Numbers

Let Al = (ay,b;,¢1,d;) and Kzz(az,bz,cz,dz) be two trapezoi-
dal fuzzy numbers. Then we define

(i) 'X\1+'&2 =(ay +a,,b; +hb,,c1+¢y, d; +dy)
(i) AL —Ap=(ay —dp,by —Cp, -0y, dy —2y)

- (kay, kby, kg, kd; ) if k>0
(iii) kA, =

(kdy, key, kby, ka, ) if k <0
(iv) A Ay=(a',b',c',d")
where

a': m|n (alaz,ald z,azdl,dld 2) b': m|n (bleYblCZszcl’clcz)

Operations on Trapezoidal Fuzzy

’

C': max (ble’bICZ’bzcl’ClCZ) d': max (alaz,ald z,azdl,dld 2)

’

4 MATHEMATICAL FORMULATION OF A FUzzY

TRANSPORTATION PROBLEM

Mathematically, a fuzzy transportation problem can be stated
as follows:

m n
Minimize Z= ZZC” X”

i=l j=L
subject to the constraints

n -~

injza,, =12, m
j=1

m ~ -~

injzbj, 1=1 20, n
i=1

Xi 20

where
m = total number of sources

n = total number of destinations

a; =fuzzy availability of the product at ith source

61- = fuzzy demand of the product at jth destination

Cjj = fuzzy cost of transporting one unit of the product from

ith source to jth destination

)Zij = fuzzy quantity of the product that should be transport-

ed from ith source to j* destination
The above fuzzy transportation problem is said to be bal-

m n
anced if z ai = Z b i otherwise it is called unbalanced.
i=1 j=1

5 METHODOLOGY

The solution of a fuzzy transportation problem involves two
stages: Finding an initial basic feasible solution, and then,
finding the optimal solution from the initial basic feasible
solution. In this paper, the same approach has been used to
solve a fuzzy transportation problem.

Some fuzzy transportation problems were selected from
the literature and their initial basic feasible solution were ob-
tained using different methods. Then, U-V distribution meth-
od was used to find out the optimal solution of the test prob-
lems, and the results were compared with the true optimal
solution.

The brief summaries of three methods, namely North-
West Corner Rule, Vogel's Approximation Method[6] and
Russell’s Approximation Method [7], are given in this paper.
The U-V distribution method to find out the optimal solution
is also described here.

6 SOLUTION OF A FUZZY TRANSPORTATION PROBLEM

6.1 Finding an Initial Basic Feasible Solution
North-West Corner Rule

The various steps of this method are as follows:
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Step 1. Select the north-west corner cell of the transportation
table and allocate as much as possible so that either
the capacity of the first row is exhausted or the desti-
nation required of the first column is satisfied, i.e.,
Xy = min?éi1 : bl)

Step 2. If 61 >3;, then move down vertically to the second
row and make the second allocation of magnitude
X5, =min(a,,B, - Xy, ) in the cell (2,1). If b, <&, then
move right horizontally to the second column and
make the second allocation of magnitude
Xy, =min(& - Xy, b ) in the cell (1, 2). If b =3,
then we can make the second allocation of magni-
tude 0 either in the cell (2, 1) or in the cell (1, 2).
Repeat the procedure until all the demands are satis-
fied.

Vogel's Approximation Method

Step 3.

The various steps of this method are as follows:

Step 1. Find the fuzzy penalties, i.e., the fuzzy difference
between the smallest and the next smallest fuzzy
costs in each row and column.

Step 2. Select the row or column with the highest fuzzy pen-
alty. If the highest penalties are  more than one,
choose any one arbitrarily.

Step 3. In the selected row or column found in Step 2, find
out the cell having the smallest fuzzy cost. Allocate
to this cell as much as possible depending on the
fuzzy availability and the fuzzy demands.

Step 4. Delete the row or column which is fully exhausted.

For the reduced fuzzy transportation table, again
compute the fuzzy penalties, then go to Step 2 and
repeat the procedure until all the demands are satis-
fied.

Russell’s Approximation Method
The various steps of this method are as follows:
Step 1. Calculate the quantities Ji ,\7j and Cj —L]i —\7j for all

iandj, where

Uizmax {éij}fori=1,2, ................... m
I<j<n
Vj =£2)r(n{cij}forj=1, 2, ................... n

Step 2. Select the variables )Zij having the most negative

value of Eij -U; —\7j . If there are ties in the value of

Cij - Ji —\7j , select )Zij having the smallest unit cost
éij . If there are ties again in the value of 6”— , se-

lect )Zi jhaving the largest amount of remaining
source supply or destination demand.
Set the activity level of )Zi j equal to the smaller value

between the source supply & and the destination

demand EJ- .

Step 3. Subtract )Zij from a;or BJ- found in Step 3. Eliminate

the row or column from the transportation table that
results in a zero supply or destination demand after
this subtraction. Stop if all a;and bjare zero, other-

wise go to Step 1.

6.2 Test for Optimality
U-V Distribution Method

The various steps of this method are as follows:
Step 1. Assign a zero trapezoidal fuzzy number to any row
or column having maximum number of allocations.
If the maximum number of allocations is more than
one, choose any one arbitrarily.
For each basic cell, find out a set of numbers

L]i and \7j satisfyingL]i +\7j = (Sij .

Step 2.

For each non basic cell, find out the net evalution
Ui+ V- Cij

Step 3.

Casel. If Ji + \7j -6” <0for all i, j, then the solution is
optimal and a unique solution exists.

Case 2. If L]i + \7j -Eij <0 for all i, j, then the solution is

optimal, but an alternate solution exists.
Case 3. If U; + V;-Cjj>0for at least one i, j, then the so-

lution is not optimal. In this case, we go to the
following step.
Step 4. Select the non basic cell having the largest positive

value of L]i + \7j - Eij to enter the basis. Let the cell (r,

s) enter the basis. Allocate an unknown quantity, say
8, to the cell (r, s). From this cell (r, s), draw a closed
path horizontally and vertically to the nearest basic
cell with the restriction that the corner of the closed
path must not lie in any non basic cell. Assign signs
+ and - alternately to the cells of the loop, starting
with a + sign for the entering cell. Then 6 = mini-
mum of the allocations made in the cells having a
negative sign. Add this value of to all cells having
+ sign and subtract the same from the cells having a
- sign. Then the allocation of one basic cell reduces to
zero.This yields a better solution by making one (or
more) basic cell as non basic cell and one non basic
cell as basic cell.

Step 5. For the new set of fuzzy basic feasible solution ob-
tained in Step 4, repeat the procedure until a fuzzy
optimal solution is obtained.

7 EXAMPLE

For the fuzzy transportation problem given below, find the
fuzzy quantity of the product transported from each source to
various destinations so that the total fuzzy transportation cost
is minimum.
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TABLE 1 We have
FUZZY TRANSPORTATION PROBLEM

Des. o o o o LI ) +\Zl = 531 = (o,o,o,o)+\7i = (8,16,24,32):>\71~ =(8,16,24,32)
- U, +V, =Cpy =(0,0,0,0)+V, =(8,14,18,24) =V, =(8,14,18,24 )

@l U, +V; = Cp3 =(0,0,0,0)+V; = (4,8,12,16)=V; = (4,8,12,16)

S1 (-4,0,4,16) (-4,0,4,16) (-4,0,4,16) (-2,0,2,8) 0,4,8,12) - - - - ~

Uy +V; =Cy = U, +(8,16,24,32)=(-4,0,4,16 )= U, =

(-36,-24,-12,8)
Ss (4,81826) (0,12,16,20) (0,12,16,20) (8,14,18,24)  (4,8,12,16) Ug+V, = 533 =U; + (4,8,12,16)= (0,12,16,20)= U= (-16,0,8,16)
Uz +V, = Cyy =(-16,0,8,16)+ V, = (8,14,18,24 ) =V, = (-8,6,18,40)

Now we compute the net evaluation L]i + \7J- - Ei j for all the

D)

S:  (8162432) (814,1824) (481216)  (26,10,14)  (4,8,18,26)

b 261014)  (22812)  (2610,14) (2,610,14) (8,20,3854)

Solution : non basic cells.

m no_ We have
Since Zai :ij ,the problem is a balanced fuzzy Jl +V2 Cl — (-44,-14,6,36)
=] =1 ~
transportation problem. Uy +Vs - Cl = (-48,-20,0,28)
TABLE 2 U, +V, —Cyy = (-52,-20,6,50 )
INITIAL BASIC FEASIBLE SOLUTION BY NORTH-WEST CORNER RULE 0, +V, - C24 - (-22,-4,12,38)
Dest. 5
(;i D D> Ds Dy 3 Ug+V; —Cyy = (-34,-2,24,44)
Scz;jce 63 +\72 —632 = (' 28, '2,141 40 )
S (-404,16)  (-4,04,16)  (-404,16) (-2,0,2,8) (0,4,8,12) Since L]i + \7,- -éij >0 for some i and j , the solution is not
(04812) optimal
TABLE 3
S2 (816,2432) (8,14,1824)  (48,1216)  (2,6]10,14) (4 8,18,26) INITIAL BASIC FEASIBLE SOLUTION BY VOGEL'S APPROXIMATION
(-10,- (2,2,812) (22,- METHOD
2,6,14) 6,18,34) Dest. D, D» Ds De 3
Ss (4,81826) (0,12,16,20) (0,12,16,20) (8,14,18,24)  (4,8,12,16) ng;;e
(-32,- (2,6,10,14) ()]
12,16,36) Si (40416)  (40416)  (40416) (2028 (04812
b. (2,6,10,14)  (22812)  (26,10,14)  (2,6,10,14)  (8,20,38,54) (0,4,8,12)

J

Since the number of basic cells are m+n-1=6, the solution S, (8,16,24,32)  (8,14,18,24)  (4,8,12,16)  (2,6,10,14)

(4,8,18,26)
is non degenerate fuzzy basic feasible solution.

(10, - (2,6,10,14)
The initial total fuzzy transportation cost is 21224)
Minimum Z ( Z0, Z®, Z©), Z®) Ss (4,81826) (0,121620) (0,12,1620) (8,14,1824)  (4,8,12,16)
=(-4,0,4,16) (0,4,8,12) + (8,16,24,32) (-10,-2,6,14)+ (8,14,18,24) (-10,- (2,2,812) (-22,-6,12,
2,6,14) 24)
(2,2,8,12)+(4,8,12,16)(-22,-6,18,34)+(0,12,16,20) (-32,-12,16,36)
b (2610,14)  (22812)  (261014) (2,610,14) (8,20,38,54)
+(8,14,18,24) (2,6,10,14) !
Since the number of basic cells are m+n-1=6, the solution

~ (1328, -200, 972, 2528)

is non degenerate fuzzy basic feasible solution.

~ 493 The initial total fuzzy transportation cost is

Minimum Z ( ZM), Z®, Z®, Z®)

Test for Optimality = (-4,0,4,16) (0,4,8,12) + (4,8,12,16) (-10,-2,12,24) + (2, 6,10,14)

(2,6,10,14)+(4,8,18,26)(-10,-2,6,14) +(0,12,16,20) (2,2,8,12)
Since 2nd row has maximum number of allocations, we +(0,12,16,20) (-22,-6,12,24)

take L]z =(0,0,0,0). Now we compute L]i and \7]- for all the
basic cells ~(-904, -96, 704, 1856)
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Test for Optimality

Since 3 row has maximum number of allocations, we take
U= (0,0,0,0). Now we compute U;and Vj for all the basic
cells.

We have

Us +V; =Cyy =(0,0,0,0)+V; = (4,8,18,26) =V, = (4,8,18,26)

Us +V, =Cyp =(0,0,0,0)+V, = (0,12,16,20) =V, = (0,12,16,2 0)
Us +Vs = Cg3 =(0,0,0,0)+V, =(0,12,16,20) =V, = (0,12,16,20)
U, +Vs =Cp = U, +(0,12,16,20)=(4,8,12,16 )= U, =
(-16,-8,0,16)

U, +V, =Cyy =(-16,-8,-0,16)+V, = (2,6,10,14)=V, =
(-14,6,18,30)

Uy +V, = Cy = U, + (4,8,18,26)
(-30,-18,-4,12)

=(-40416) =U, =

Now we compute the net evaluation U+ \7j - éi j for all the

non basic cells.

We have
U, +V, —Cy, = (-46,-10,12,36 )
Uy +V;—Cig = (-46,-10,12,36 )
U +V, — cl = (-52,-14,14,44)
Uy +Vy —Cyy = (-44,-24,2,34)
)

Jz+\72—c22= (-40,-14,2,28
Ug+V,—Cagy = (-38,-12,4,22)
Since U; + \7]- —éij <0for all i and j, the solution is optimal.

For the given fuzzy transportation problem, the initial basic
solution obtained by Russell’s Approximation Method is ex-
actly the same as that obtained by Vogel's Approximation
Method and therefore Russell’s Approximation Method also
gives a unique optimal solution for the given example.

8 RESULT & DISCUSSION

For the example given here, the initial basic feasible solution
obtained by North West Corner Rule is not optimal, whereas
the initial basic feasible solution obtained by Vogel’s Approx-
imation Method and Russell’s Approximation Method is an
optimal solution. For some fuzzy transportation problems, it
has been found that the initial basic feasible solution obtained
by Vogel's Approximation Method is not optimal, but, the
initial basic feasible solution obtained by Russell’s Approxi-
mation Method is optimal. The initial basic feasible solution
obtained by North West Corner Rule is far from optimal for
most of the fuzzy transportation problems.

The main virtue of the North West Corner Rule is that it is
quick and easy. However, because it pays no attention to unit
costs (¢jj ), usually the solution obtained is far from optimal.

Vogel's Approximation Method has been a popular crite-
rion for many years since difference represents the minimum
extra unit cost incurred by failing to make an allocation to the
cell having the smallest unit cost in that row or column, this
criterion does take costs into account in an effective way.
Therefore, this method may give an optimal solution in some
cases. However, if the solution obtained by this method is not
optimal, we have to improve the UV method and continue
further till we get an optimal solution.

Russell’s Approximation Method is a much more recently

proposed criterion that seems very promising. One distinct
advantage of Russell's Approximation Method is that it is
patterned directly after part-1 of the iterative step for the
transportation simplex method which somewhat simplifies
the overall computer code.

9 CONCLUSION

For most of the fuzzy transportation problems, the initial
basic feasible solution obtained by Russell’s Approximation
Method is an optimal solution. For some fuzzy transportation
problems, the initial basic feasible solution obtained by Vo-
gel’'s Approximation Method is optimal, but it is not optimal
for some other problems. On the other hand, the North-West
Corner Rule usually gives the solution far from optimal.
Therefore, Russell’'s Approximation Method is preferred in
comparison to other methods for finding the initial basic fea-
sible solution of a Fuzzy Transportation Problem.
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